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ON PENROSE'S `BEFORE THE BIG BANG' IDEAS
C. DENSON HILL AND PAWE NUROWSKI
Abstrat. We point out that algebraially speial Einstein elds with twist-
ing rays exhibit the basi properties of onformal Universes onsidered reently
by Roger Penrose.
MSC lassiation: 83C15, 83C20, 83C30, 83F05
Aording to Penrose [6℄, there might have been a pre-big-bang era, in whih the
Universe was equipped with a onformal Lorentzian struture, rather than with
the full Lorentzian metri struture. This onformal struture was onformally
at, and pretty muh the same as the onformal struture our Universe will have
at the very late stage of its evolution.
Penrose argues that the observed positive sign of the osmologial onstant,
Λ > 0, fores our Universe to last forever. It will last long enough that all the
massive partiles will mannage to disintegrate, either by nding their antimatter
ounterparts with whih to annihilate, or beause of their nite half life. This will
produe only massless partiles, suh as photons, whih after all the matter has
been disintegrated, will be the only ontent of the late Universe, exept for massive
blak holes. These massive blak holes will be the remnants of the galaxies, and
perhaps, of very massive stars.
Sine the Universe will last forever, and sine it will be expanding, it will gener-
ally ool down, trying to reah the absolute zero temperature at its nal state. Thus,
there will be a time in its evolution suh that the temperature of the Universe will
be lower than the temperature of even the most massive blak holes, whih at this
stage will hide the only mass of the Universe. This will reate a thermodynami
instability foring all the blak holes to evaporate by radiating massless partiles
1
.
After these evaporations the dying Universe will be totally lled by massless parti-
les.
Penrose argues that massless partiles, whatever they are, have no way of dening
loks' tiks. This leads to the onlusion that the Universe at its late age, being
lled with only massless observers, will ultimately lose the information about its
onformal fator. Thus it will beome similar to the Universe in the `pre-big-bang'
era that preeeded its reation. This late state of the Universe Penrose likes to
interprete as the `pre-big-bang' era of the new Universe. Let us adopt this point of
view.
It is a well known fat that during the big bang (suh as in the Friedmann-
Lemaitre-Robertson-Walker models) the only metri singularity is in the vanishing
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Penrose assumes that the blak holes lose information about the properties of the masses
hidden in them, and that in the proess of evaporation only massless partiles are being radiated.
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of the onformal fator, leaving the onformally resaled metri perfetly regular
(atually onformally at). Another well known fat is that the eld equations
for the massless partiles are onformally invariant. This shows that the massless
partiles (the observers) of the dying onformal Universe, or as we interpret it now,
of the `pre-big-bang' era of the new onformal Universe, will not feel the big bang
singularity. They will happily pass through it from the dying onformal Universe to
another onformally at manifold
2
. Penrose interprets this onformal objet as an
`after big bang' onformal era of the new Universe. It will eventually aquire a new
onformal fator, and possibly some distortion (meaning non-zero Weyl), promot-
ing this onformal remnant of the old Universe to a new Lorentzianmetri Universe.
Our exat solutions of Einstein's equations, disussed below, exhibit the main
features of Penrose's `before the big bang' argument. Although these solutions
form a very thin set in all the possible Einstein metris, and although they were
obtained on purely mathematial grounds by the mere assumption that the orre-
sponding spaetimes admit a twisting ongruene of null and shearfree geodesis,
it is a remarkable oinidene that the pure mathematis of Einstein's equations,
imposed on suh spaetimes, fores the solutions to t to Penrose's ideas.
Let us disuss the mathematis of our solutions rst. After we do it, we will
indiate the parallels between our solutions and Penrose's Universes.
About twenty years ago we proved [2, 5℄ the following
Theorem 0.1. Let (M, g) be a 4-dimensional Lorentzian spaetime whih satises
the Einstein equations
(0.1) Rµν = Λgµν +Φkµkν , Λ = const,
with kµ being a null vetor tangent to a twisting ongruene of null and shearfree
geodesis. Then its metri g fatorizes as
(0.2) g = Ω−2gˆ, Ω = cos( r2 ),
where gˆ is periodi in terms of the null ooordinate r along k = ∂r.
More expliitly, (see [2, 5℄ and, espeially, [3℄ for details) we showed that if g
satises (0.1), then M is a irle bundle S1 → M → M over a 3-dimensional
stritly pseudoonvex CR manifold (M, [(λ, µ)]), and that
(0.3) gˆ = p2[µµ¯+ λ(dr +Wµ+ W¯ µ¯+Hλ)],
with
(0.4) W = iae−ir + b, H =
n
p4
e2ir +
n¯
p4
e−2ir + qeir + q¯e−ir + h.
Here λ (real) and µ (omplex) are 1-forms on M suh that k−|λ = k−|µ = 0,
k−| dλ = k−| dµ = 0, λ ∧ µ ∧ µ¯ 6= 0 and, as a result of the Einstein equations
(0.1), the funtions a, b, n, q (omplex) and p, h (real) are independent of the null
2
It should be noted that this passage is only possible onformally. In the full Lorentzian
metri of the old Universe, the proess of expansion will last innitely long. But after onformal
resaling, this proes takes nite time, and enables us to speulate what will be after.
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oordinate r: ar = br = nr = qr = pr = hr = 0. A part of the Einstein equations
in (0.1) an be expliitly integrated, obtaining:
a = c+ 2∂ log p
b = ic+ 2i∂ log p
q =
3n+ n¯
p4
+
2
3
Λp2 +
2∂p∂¯p− p(∂∂¯p+ ∂¯∂p)
2p2
−
i
2
∂0 log p− ∂¯c(0.5)
h = 3
n+ n¯
p4
+ 2Λp2 +
2∂p∂¯p− p(∂∂¯p+ ∂¯∂p)
p2
− ∂¯c− ∂c¯.
Here the r-independent omplex funtion c is dened via
dµ = 0, dµ¯ = 0,
dλ = iµ ∧ µ¯+ (cµ+ c¯µ¯) ∧ λ,(0.6)
and the operators (∂0, ∂, ∂¯) are vetor elds on M , whih are algebrai dual to
the oframe (λ, µ, µ¯) on the CR manifold M . Note that the funtion c is dened
uniquely, one a CR manifold (M, [(λ, µ)]) has been hosen, and thus is onsidered
as a known funtion in the proess of solving (0.1).
The remaining Einstein equations in (0.1) redue to a system of two PDEs on
M , for the funtions n and p, whih are the only unknowns. These PDEs are:
∂n+ 3cn = 0,(0.7)
[ ∂∂¯ + ∂¯∂ + c¯∂ + c∂¯ + 12cc¯+
3
4 (∂c¯+ ∂¯c) ]p =
n+ n¯
p3
+ 23Λp
3.(0.8)
These are the only equations whih need to be solved in order to make g satisfy
(0.1). One these equations are solved, the Einstein metri g has an energy mo-
mentum tensor desribing the `pure radiation' of a mixture of massless partiles,
moving with the speed of light along the null diretion k, in a spaetime with osmo-
logial onstant Λ. The spaetime is algebraially speial; the Weyl spin oeients
Ψ0,Ψ1,Ψ2 being Ψ0 = Ψ1 = 0, Ψ2 =
(1+eir)3
2p6 n.
Note that at r = ±pi, where the onformal fator Ω for g beomes zero, the Weyl
oeient Ψ2 vanishes,
Ψ2(±pi) = 0.
Although the formulae for Ψ3 and Ψ4 are quite ompliated, they also share this
property, i.e.
Ψ3(±pi) = Ψ4(±pi) = 0.
The above quoted result enables us to interpret the r = ±pi hypersurfaes as the
respetive sris I± of the spaetime (M, g). The Weyl tensor is onformally at
there: Ψµ(±pi) = 0 for all µ = 0, 1, 2, 3, 4.
Sine the onformally resaled spaetime (M, gˆ) is periodi and regular in r, it
gives a full-Einstein-theory realization of Penrose's idea [6℄ that there was a `before
the big bang era' of the Universe.
In this ontext the following remarks are in order:
• To be in aordane with urrent observations, we onentrate on those
solutions (0.2)-(0.3) of the Einstein equations (0.1) whih have positive os-
mologial onstant Λ > 0.
4 C. DENSON HILL AND PAWE NUROWSKI
• It is known ([8℄, p. 353) that every solution of Einstein's equations (0.1)
with Λ > 0 has spaelike sris I±. Thus, restriting to Λ > 0, we know
that our sris I± at r = ±pi are spaelike.
• Moreover the sris are onformally at, and therefore an be identied
with the respetive surfaes of the big bang (r = −pi) and the surfae of the
onformal innity in the future (r = pi).
• The Universes orresponding to our solutions are either empty (Φ = 0), or
are lled with a dust of massless partiles (Φ > 0) moving with the speed
of light along k.
• Sine going from the `big bang' to the `innity in the future' orresponds
to a passage from r = −pi to r = pi, and sine the onformal metri gˆ is
periodi in r, we see that our onformal solutions are repetitive in the r
variable.
• Thus our solutions give onformal Universes whih periodially reprodue
themselves, and smoothly pass through the `big bang' and the `future inn-
ity'.
To be more expliit we disuss the following example
3
whih is a solution to our
equations (0.7)-(0.8).
We hoose the CR manifold (M, [(λ, µ)]) to be the Heisenberg group CR mani-
fold. This may be represented by the 1-forms λ = du + i2 (z¯dz − zdz¯) and µ = dz.
Here (u, z, z¯) are the standard oordinates on the Heisenberg group (u is real, z is
omplex).
Obviously dµ = 0 and dλ = iµ ∧ µ¯, so that the funtion c in (0.6) is c ≡ 0.
This immediately leads to a solution for (0.7)-(0.8). Indeed: take n = const ∈ C
and p = 1, then equation (0.7) is automatially satised, and equation (0.8) gives
Λ = − 32 (n+ n¯). Thus we take n = −
1
3Λ+ im = const, Λ,m ∈ R. This leads to the
onformal metri
gˆ = 2 cos2( r2 )g = 2dzdz¯ + 2λ
(
dr − 2
(
2m(1 + cos r) sin r +
Λ
3
(2 cos r + cos 2r)
)
λ
)
,
with λ = du+ i2 (z¯dz − zdz¯), and the physial metri g satisfying all the equations
(0.1). Atually, the physial metri satises more: It is a solution to the Einstein
equations Rµν = Λgµν , thus Φ = 0. Its Weyl tensor has Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0
everywhere, with the only nonvanishing Weyl oeient Ψ2 = −
1
3 (1 + e
ir)3(Λ −
3im). This means that the metri orresponding to this solution is of Petrov type
D everywhere, exept along the sris, r = ±pi, where it is onformally at4. Re-
striting to Λ > 0 we get a 2-parameter family of solutions with spaelike sris,
whih has a periodi onformal metri gˆ. This, in addition to being periodi in r,
3
Note that among our solutions there are many interesting, well known, solutions of Einstein's
eld equations. Atually our metris inlude all algebraially speial vauums and the aligned
pure radiation gravitational elds. Thus, our solutions inlude for example the elebrated rotating
blak hole solution of Kerr. This solution, however, is beyond the lass of solutions relevant for
Penrose's ideas sine it has Λ = 0 (and Φ = 0).
4
This solution g is the lassial Taub-NUT solution with osmologial onstant[1, 9℄. It inludes
the Taub-NUT (Λ = 0) solution [4℄ as a speial ase. When m = 0 the solution is a vauum metri
with a osmologial onstant, whih has two Robinson ongruenes [7℄ as two distint prinipal
null diertions.
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is regular everywhere on any hypersurfae transversal to k.
As a more ompliated example we take a CR struture parameterized by oor-
dinates (x, y, u) and represented by forms
λ = −
2
f ′(y)
(
du+ f(y)dx
)
, µ = dx+ idy.
It has c = if
′′(y)
2f ′(y) . Then assuming that p = p(y) and n = n(y), we immediately get
the following solution for equation (0.7):
n = f ′(y)3m, m = const ∈ C.
Having this, the only remaining Einstein equation to be solved is (0.8). It is equiv-
alent to an ODE:
9
4pf
′f ′′′ + 3p′f ′f ′′ − 3pf ′′
2
− 3p′′f ′
2
+ 4Λp3f ′
2
+ 6(m+ m¯)f ′
5
p−3 = 0,
for the funtions p = p(y) and f = f(y). Sine this is a single ODE for two real
funtions of one real variable y, one an use one of these funtions to arrange the
energy Φ of the orresponding pure radiation to be nonegative for positive Λ.
We believe that many more solutions with appealing physial properties may be
found in our lass, the main reason being that the lass onsists of all (known and
unknown) algebraially speial solutions with twisting rays.
We lose the paper with the following mathematial omment.
It is interesting to give an interpretation to the only nontrivial Einstein equation
(0.8). If one onsiders the metri g˜ = sec2( r2 )gˆ, with gˆ as in (0.3), and funtions
W,H as in (0.4)-(0.5), then the equation (0.8) is the Yamabe equation (see e.g. [8℄,
p. 332) saying that the resaled metri g = p2g˜ has onstant Rii salar R = 4Λ.
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